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Two are homing a talit, one is saying it is all his, and (the other) one is saying it is 
all his . . . .  let them each get half. 
- -BAvA METZIA 
Consider all planar walks, with positive unit steps (1, 0) and (0, 1), from 
the origin (0, 0) to a given point (a, b). Let L be the line joining the 
beginning to the end, i.e., the line bx  - ay  = 0. Call the region below L 
"downtown," and the region above L "uptown," the line L being the 
border-line between downtown and uptown. Each such walk has a + b - 1 
points, not counting the endpoints. For i = 0 , . . . ,  a + b - 1, let W~ be 
the set of walks with "exactly" i points downtown and "exactly" a + b - 
1 - i points uptown. How do we treat those walks that have some points 
on L?  If there are i points downtown and j points on L, then each of the 
sets IV,,., W~+1,... , W/+ i has equal claim to this walk. If it is possible to 
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divide a talit, then why not divide a walk? After the j + 1 contesting sets 
take oaths that they each own at least 1/ ( j  + 1) of the contested walk, we 
declare that each gets exactly 1/ ( j  + 1) of that walk. It turns out that this 
way of distributing border-line (sic!) walks is as fair as can be, since we 
have: 
THEOREM. The sets W i, i = 0 . . . . .  a + b - 1, are equi-numerous. 
Since there are altogether (a + b) ! / (a  !b!) walks, it folloWs that each set 
boasts (a + b - 1)! / (a!b!)  members. 
We need the following lemma, which is a slight extension of a result of 
Spitzer [2, Theorem 2.1] and which generalizes the so-called "cycle lemma" 
of Dvoretzky and Motzkin [1]. (See also [3, Problem 83a, second solution].) 
LEMMA. Let (r 1 . . . .  , r n) be a vector of  real numbers that add up to zero. 
Then for each 1 < i < n, there exists exactly one (circular) shift 
( r j+ l , . . .  , rn, r t , . . . ,  rj) with the property that it has i partial sums that are 
positive, counting talmudically. 
Proof o f  the Lemma.  First assume that all the partial sums are distinct. 
If r 1 +. . .+r j  is the (i + 1) th largest partial sum, then obviously 
( r j+ l , . . . , r , , r l , . . . ,  rj) has exactly i partial sums that are positive, be- 
cause the relative ranking of the partial sums is still the same, and there 
are i partial sums that are bigger than r I + • • • +rj. Starting things at rj+ 1 
shifts that partial sum to be 0, and since there are i partial sums that are 
bigger, it means that there are i partial sums that are positive. 
Now if there are ties, we let the partial sums share places. If  there are j 
partial sums that share the i + 1, i + 2 , . . . ,  i + j places, then the corre- 
sponding j shifts will all have i positive partial sums, and j partial sums 
that are 0. But, counting talmudically, this means that each one of these j
shifts gets 1/ j  of each of the i + 1 . . . .  , i + j places. | 
Proof of  the Theorem. Let us divide all the paths into equivalence 
classes, where a path is equivalent o all its circular shifts. We show that 
the contributions coming from any equivalence class to each W~ is inde- 
pendent of i. Given any such path, consider the sequence obtained by 
replacing the step (1, 0) by b, and the step (0, 1) by -a .  By the lemma, all 
the circular shifts contribute qually to the W/. Now, it may happen that 
not all the shifts of a path are distinct paths, but then it is easy to see that 
each path occurs with the same multiplicity, so the contribution to each of 
the W~ is still the same. | 
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